An exciting frontier in quantum information science is the realization of complex many-body systems whose interactions are designed quanta by quanta. Hybrid nanophotonic system with cold atoms has emerged as the paradigmatic platform for engineering long-range spin models from the bottom up with unprecedented complexities. Here, we develop a toolbox for realizing a fully programmable complex spin-network with neutral atoms in the vicinity of 1D photonic crystal waveguides. The enabling platform synthesizes strongly interacting quantum materials mediated by phonons from the underlying collective external motion of the atoms. We generalize our approach of universal 2-local Hamiltonians to long-range lattice models for interacting SU(n)-magnons mediated by local dynamical gauge fields.
With recent developments in atom-photon interfaces with photonic crystals [1] [2] [3] [4] [5] [6] [7] [8] [9] , there has been significant interest towards assembling quantum many-body systems by garnering the control over individual quantum systems [10] [11] [12] [13] . With the atomic transition frequency residing within the photonic band gap (PBG), the underlying lattice of atoms cannot dissipate propagating waves into the guided modes (GMs) of the photonic structure. However, the mere presence of the atoms at sites i, j in a waveguide seeds dynamic defect modes that support stable atom-field bound states in the form of evanescent waves 1,2, [14] [15] [16] , mediating exchange interaction
between the trapped atoms 17, 18 . With auxiliary Raman sidebands and digital time-steps 10 , the phase-amplitude function J |i−j| can be engineered for atoms coupled to 1D and 2D photonic crystals, thereby realizing a wide range of translationally-invariant pairwise models for quantum magnetism 19 . Conversely, photons propagating through the guided modes can exhibit novel quantum transport and many-body phenomena [20] [21] [22] [23] [24] , and complex spinmechanical textures develop through spin-dependent photonmediated forces 25 .
Here, we investigate a new regime of engineered coupling between spin and motion of neutral atoms in 1D photonic crystal waveguides. We develop a low-energy theory for the external motional states of the trapped atoms in the bandgap regime of waveguide QED. Our assembly language approach allows for a fully programmable and realtime synthetic lattice spin systemρ s for neutral atoms interfaced to the phonons populating the collective atomic motions. In our approach, translationally-variant binary interactionĤ i,j α,β J (i,j) αβσ
β between spins i, j is arbitrarily designed for any combination of SU(2)-spin operatorŝ σ β with α, β ∈ {x, y, z}. More generally, our spinnetwork allows complex Hamiltonian graphs with connectivity that can no longer be represented by spatial lattices and dimensions, thereby realizing a universal 2-local Hamiltonian in an analog quantum system. Surprisingly, we can engineer the dynamical gauge structure in a completely analogue fashion. The low energy physics ofρ s encompasses the full scope of binary lattice spin models for SU(n)-spin excitations mediated by local gauge constraints with errors protected by a many-body gap energy.
Our spin-assembly approach provides the toolboxes for universal open quantum many-body systems with complexities far beyond of regular spin lattices heretofore explored. Utilizing these capabilities, we demonstrate the versatility of our waveguide QED simulator by constructing highly complex models for chiral spin liquids 26 and holographic strange metals 27, 28 .
Results
The physical platform. Our approach is based upon the unique capability of a photonic crystal waveguide (PCW) to induce strong photon-mediated forces between proximal neutral atoms and to create many-body atomic states of internal spin and external motion. In particular, we utilize the coupling of spin matter to atomic motion generated by "spinindependent" forces of the synthetic vacuum of the PCWs to mediate the underlying long-range spin-spin interactions.
As shown in Fig. 1 , our basic building block is a system of neutral atoms strongly coupled to a GM of the 1D PCW with mode function u k0 (x) represented by the red line of Fig.  1(b) , whose band edge at frequency w b is red-detuned by ∆ b = w − w b > 0, so that the atomic transition frequency w lies within the band gap. We envision that each atom is tightly localized at the antinodes of u k0 (x) with trap frequency w t and lattice constant a 0 by a nanoscopic optical potential V T = V 0 sin 2 k 0 x with a trapping field that populates a higher-order GM (blue line). In the Supplementary Information, we consider an example of a spin-network with Cs atoms localized along a Si 3 N 4 squircle photonic crystal waveguide (SPCW), enabling highly tunable defect GMs with respect to the TE photonic band gap, and the effective mass m e and the mode area A eff at the band edge k = k 0
29
. As described in Refs.
FIG. 1:
Complex quantum many-body physics with waveguide QED systems. a, Exemplary spin network of N waveguide QED systems. Slotted squircle photonic crystal waveguide (SPCW) enables a versatile platform for highly tunable defect guided modes, with the supermodes shown in the inset 29 . The structural parameters are provided in the Table 1 of the Supplementary Information. Green spheres represent the individual trapped atoms. Inset. Contour map of the intensity profile for TE supermodes for exciting (trapping) Cs atoms at wavelengths λp = 852 nm (λt = 794 nm). b, Normalized band diagram for the supermodes of the SPCW. Inset. Two lasers Ωm,1, Ωm,2 with detunings δm,1, δm,2 create strong van der Waals (vdW) potential ∼ e −|i−j|a 0 /Lc between two atoms localized within a photonic bandgap ∆g 14 . The bandgap is detuned by ∆ with respect to the laser frequencies. c, Raman-sideband engineered spin-motion couplings synthesize fully programmable spin-spin interactions between two atoms at sites i, j ∈ {1 · · · N } for any combination of SU(2) spin operators with exchange coefficients designed by Raman sideband engineering. Site-resolved addressing with spatially global fields Ω α,l selectively couples internal spin states |g , |s of atom j to phononic band l ∈ {1, · · · , N } with two-photon detuning ν (j) l . To do so, we need to make sure that each single sideband with frequency ν |s to the excited states |d and |d , respectively, as shown in the inset of Fig. 1(b) .
In the interaction picture, the interaction between the atoms and the PCW readŝ
where g d w b /4π 0 A eff is the coupling constant near w b for effective mode area A eff ,â k (â † k ) is the annihilation (creation) operator associated with the GM mode k, and
The dispersion relation of the GM in PCW near the band-edge k = k 0 (corresponding to frequency w b ) can be approximated by
with effective mass 1/m e = −(∂ 2 w k /∂k 2 ), as shown in Fig. 1(b) for the first Brillouin zone.
In the off-resonant regime f = Ω m,1 /δ m,1 = Ω m,2 /δ m,2 1, after eliminating the excited states from the system, we obtain a spin-independent effective optomechanical system with the interaction f g dku k0 e ikxi σ (i) 0â k + h.c..
1, [14] [15] [16] 30 . Here,
ss is the identity operator of the computational subspace that would be omitted in the following. In the limit of f g ∆, we can further eliminate the photon fields by integrating out the longitudinal modes k and obtain the low-energy physics governed by quantum motions with tunneling interaction
, where the van der Waals interaction ∆
with g c = g 2π/L c and the effective interaction range L c = 1/m e ∆. Here, ∆ denotes the pumping laser detuning from the band edge. Under the assumption x 0 L c ∼ a 0 with x 0 = /2mw t denoting the zero point fluctuation, we restrict our consideration to the nearest-neighbour interaction. By expanding the atomic center of mass motion around their equilibrium positions in the orders of Lamb-Dicke parameter η l(0) = x 0 /L c (a 0 ) and applying a proper unitary transformation B (Supplemental Materials), we can finally obtain diagonalized collective phononic excitations aŝ H M = l lb † lb l , where b l (b † l ) denotes the momentum-space annihilation (creation) operators and l the corresponding eigenfrequencies. In the Supplementary Information, we provide the detailed derivation, where we also evaluate the figures of merit in terms of the Green's function quantization formalism 31 for the accurate description of the atom-light interactions in realistic PCWs, such as the exponentially inhibited radiation and photonic Lamb shifts in the band gap [32] [33] [34] . Universal binary spin model. Now, we introduce our method of Raman field engineering and derive the universal binary lattice model. Let us take the red-detuning coupling shown in Fig. 1(c) as an example. To gain independent control over the interaction coefficients between any atom pair, we need to distinguish the coupling of an individual atom i to a particular Bogoliubov mode l. To do so, we first introduce a site-dependent ground-state energy shiftĤ
in the form of a linear Zeeman gradient B(x i ) 19 . We require that the ground-state shift δ∆ gs between neighboring sites is larger than the width of the phonon spectrum | N − 1 |. This guarantees that the frequency difference ∆ (i) gs − l is different for all pairs of (i, l), as shown in Fig. 1(d) .
Then, we apply a spatially global Raman field [35] [36] [37] [38] with N 2 sidebands to the atom chain through the GM. Each single sideband with frequency ν
gs − l , thus effectively coupling the spin operatorσ
+ to the phononic modeb l only. That is, our Raman fields populate a single guided mode with N 2 sideband modes, which could be generated by a single phase-amplitude modulator. Similar arguments also be applied to the blue-detuning coupling and Z coupling. Then, the full Hamiltonian of the system readŝ
α,l denote the wavenumber and frequency for the Raman fields that couple atom i to l th phonon mode with α ∈ {±, z}. We note that our protocol can be realized with a single excited state |e , as long as 3 types of Raman sidebands Ω (j) ±,z have single-photon detuning with respect to each other, so that any short-time correlation involving |e can be readily integrated out.
After expanding sin(kx
in the Lamb-Dicke regime and switching into the interaction picture, we findĤ c =
As
δ∆ gs , we integrate over the rapidly oscillating terms and leave only the slowly-varying terms ∼ exp(i(ν
A + ω l )t) and obtainĤ c = i,j,l α∈{x,y,z}
where the detuning ∆ (i) α,l is chosen to be identical for all atom i and spin operator type α, so that the indices i and α are taken off. Here, we defined a new set of Rabi frequencies as Ω (i)
By eliminating the phonon fields with
α,l / √ N for all i, α, we thereby obtain the phonon-mediated 2-body
for any combination of α, β, γ ∈ {x, y, z} and between any two spins at sites i, j. The exchange interaction J (i,j) α,β and the local bias field h (i) γ can be arbitrarily designed by solving a set of nonlinear equations J
α,l B il and Levi-Civita symbol αβγ . We note that we have α,l , ∆ l } that satisfies the target model. We envisage that the Raman sideband matrices are realtime tunable. The HamiltonianĤ 2-body (t) can be evolved to map out complex phase diagrams of quantum manybody models and be globally quenched to examine out-ofequilibrium many-body dynamics. The requisite sidebands {Ω (i) α,l } in the frequency space can be transformed to the timedomain response function Ω(t) that drives a single phaseamplitude modulator with an arbitrary-waveform generator.
To summarize, we drive the atoms off-resonantly between the internal ground |g (|s ) and excited states |d (|d ). As the excited states lie deep in the bandgap of PCW, the decay in the form of propagating waves along the waveguide is strictly forbidden, and a stable atom-photon bound state emerges with the field exponentially localized around the atom. After eliminating the optical field in the reactive regime with negligible photon population, we obtain an effective spin-independent mechanical interactionĤ M among the atoms mediated by the bound states. Next, we apply two-photon Raman beams with a large number of frequency modes {Ω (i) α,l } in the GMs with each sideband that couples an arbitrary spin operator to an arbitrary Bogoliubov phononic mode. In the off-resonant regime, the phonons are safely eliminated and a universal binary spin model is achieved by tuning the phase-amplitudes of {Ω
Perfect state transfer in a spin chain. As a benchmark of our approach and verification of various approximations such as RWA and adiabatic elimination we used to achieve the final universal 2-body spin model, here we discuss the implementation of a 1D quantum wire that enables perfect quantum-state transfer (QST) between remote spin registers [39] [40] [41] [42] [43] [44] [45] . We prepare an 1D spin medium with the translationally-variant XX Hamiltonian
where
and α is a global interaction constant. In order to obtain the effective HamiltonianĤ QST , we figure out the system parameters {Ω
y,k } from the set of nonlinear equations for J (i,i+1) under the constraint of minimal total intensity i,l (|Ω
As discussed in Ref. 39 ,Ĥ QST achieves the perfect state transfer of arbitrary input states |ψ in between the edge sites i = 1, N over arbitrarily long N with unit fidelity by virtue of the mirror symmetry in the spin-exchange coefficients J (i,i+1) . Unlike sequential direct state transfer, no external manipulation or feedback on the spin chain is required, and the complete transfer is achieved within transfer time t f without state-preparation of the global spin chain. In Fig. 2(a) , we simulate the full Hamiltonian (Eq. (2) in main text) dynamics of quantum-state transfer for two input states |ψ
= |s (blue dashed line) through an 1D atomic chain with N = 6 atoms without adiabatically eliminating the phonon fields. We also keep coupling terms between those mismatched sidebands and Bogoliubov phonon modes to verify the validity of RWA we used in our derivation of final effective 2-body spin Hamiltonian. By sampling various input states coupled to an initially polarized spin medium, the minimal QST fidelity for pure states is numerically determined F = 0.994 at t f π/α, yielding only 0.5% error in the final state, testifying the accuracy of the effective HamiltonianĤ 2-body in Eq. (3) of the main text.
As shown in the inset of Fig. 2 (a), the phonons across the entire spin chain are hardly populated throughout the state transfer, justifying the adiabatic elimination procedure. In Fig. 2(b) , we also compare the full atom-phonon dynamics (solid lines) of the individual spin-polarizations σ (i) z for an initially polarized spin medium |g · · · g with that of the reduced two-body HamiltonianĤ QST in Eq. 4 (dashed lines). When |ψ (2) in is injected to the first spin (black line), the spin-excitation delocalizes across the entire spin chain and coherently builds up the amplitude at the final spin (red line) with σ (6) z 1 at t π/α. The minute difference between the solid and dashed lines affirms the various approximations in the main text to obtain the low-energy HamiltonianĤ 2-body .
Chiral spin liquids in Kagome lattice. Frustration in lattice spin systems, in which local energy constraints cannot all be satisfied, can lead to deconfined phases of quantum spin liquids (QSL). In a QSL, quantum fluctuations drive the collective state of the spins into highly entangled quantum matter, such as the resonating-valence bond (RVB) state in Z 2 -spin liquids, whose emergent topological properties can only be described in terms of long-range entanglement 26 . Unlike gapped Z 2 -spin liquids, chiral spin liquids (CSL) spontaneously break the time-reversal and parity symmetry, while preserving other symmetries, and host fractional quasiparticle excitations with topological order 46 . Such a CSL is thought to be a parent state of the illusive anyonic superconductor.
Here, we discuss a method of creating topological chiral spin liquid (CSL) discovered by Kalmeyer and Laughlin, a bosonic analogue of the celebrated fractional quantum Hall effect [47] [48] [49] , with our waveguide QED toolboxes. We consider an anisotropic antiferromagnetic XXZ Hamiltonian
on a Kagome lattice with tunable spin-chiralityχ. Despite the physical dimension of the atomic lattice in 1D PCWs, our toolboxes allow the spins to sit on a synthetic geometry provided by the connectivity of the translationally-variant spinexchange couplings, as depicted by the 2D Kagome lattice in Fig. 3 . With λ = 0,Ĥ CSL reduces to the Kagome XXZ antiferromagnet, which has been widely studied for its timereversal symmetric Z 2 spin liquid 50, 51 . In the presence of strong chiral interactions on the triangles ∆ of the sublattice (e.g., scalar spin-chiralityχ scalar = i,j,k∈∆ σ i · ( σ j × σ k )), the ground state supports a topologically-protected chiral edge mode circulating the macroscopic outer boundary with closed loops within the inner hexagons of the Kagome lattice 47 . As a convention, the sum i,j,k∈∆ runs clockwise over the nearest-neighbor sites around the triangles. To see how the extended chiral edge modes emerge in a Kagome lattice, we first identify that the ground state of a single closed loopχ scalar around a single triangle is the Kalmeyer-Laughlin wavefunction. By mapping the elementary triangular puddles into a Kondo-type network for edge states 47 , individual puddles encircled with the chiral states merge together to develop a macroscopic puddle with a single chiral topological edge state around the outer boundary of the lattice, reminiscent of the two-channel Kondo problem. This allows for unidirectional spin transport along the boundary, and the bulk excitations are described by semionic exchange statistics (φ = π).
The difficulty in realizing Eq. 5 as the low-energy theory of physical Hamiltonians with cold atoms is the spin-chiral coupling σ j × σ k that breaks the parity symmetry. The capability to realize universal pairwise interaction, including off-diagonal spin operatorsσ ασβ , makes our approach highly suitable for analog quantum simulation of quantum liquids with chiral spin coupling. As an example, we realize here the minimal instance of CSL with 2-body vector Fig. 3(a) . The DM interaction breaks the underlying SU(2) symmetry, while preserving the lattice and U(1) spin symmetry. Hence, unlike the case ofχ scalar , the CSL does not persist forχ vector in the limit of strong coupling λ J ⊥ = J ZZ . However, it is numerically predicted that gapped CSL phase does exist for XXZ antiferromagnets with a finite vector spin-chirality λ < J ⊥ = J ZZ with zero magnetic field 48, 49 . The capability to tune vector-chirality as well as other spin-orbit couplings also opens the route to synthetic multiferroics and emergent interfacial spin textures, including skyrmions and topological surface states. By the virtue of synthetic geometry, we can examine quantum spin ice behaviors purported to be found in bulk crystals, such as the Pyrochlore rare-earth magnets Ho 2 Ti 2 O 7 and Dy 2 Ti 2 O 7
.
Generic SU(n)-Heisenberg spin models. Our waveguide QED simulator allows universal binary analog models of SU(2)-spin operators. In analogy to lattice gauge theories (LGT) that give rise to constrained Hilbert space 52, 53 , we can also design dynamical gauge structures that mediate a wide range of binary models consisting of SU(n)-operators in a completely analog fashion, such as the Heisenberg quantum magnet for interacting SU(n)-spins. While the universal quan- within logical blocks i, j. Quantum dynamics among the ice states is induced by a perturbative spinexchangeÔ i,j between atoms belonging to different blocks. b, Effective reduction of the Hilbert space. The low-energy dynamics is constrained within the SU(n) single-excitation sector, represented by a gauge charge Q = (n−2)/2, with errors protected by a many-body gap λG. c, The global spin network is transformed into a network of logical SU(n) spins i, j by encoding the SU(n)-spin with a collection of n SU(2)-spins. U(1)-gauge constraintsĜ i block the excitation manifold within the logical spin so that the energy sectors of the parent Hamiltonian are separated by the total excitation number. Spin-exchange coupling between atoms belonging to different logical blocks i, j induces an effective two-body interactions between SU(n) spins. tum simulator in the previous section can emulate the dynamics of arbitrary unitary dynamics, we confine our discussion here to binary SU(n)-spin models that arise within the projected gauge-invariant subspace of the parent SU(2) models. Such a "condensed matter" approach 52 can create deconfined quantum phase by direct cooling to its ground state. In this section, we discuss the Heisenberg SU(n) quantum magnet as an exemplary implementation, but far more complex models involving vector and anisotropy can also be realized in an analogous fashion.
Our goal is to create a fully-programmable Heisenberg quantum magnetĤ H = j>i J ij αΛ
α , whereΛ α is the generalized Gell-Mann matrix, which plays the role of the Pauli matrices in the SU(2) representation (Methods). The challenge of simulating SU(n)-spin with cold atoms and ions is that the spin operators cannot be efficiently mapped to a rotation within an internal atomic degree of freedom due to limited transition pathways (e.g., selection rules). In addition, there is a difficulty to implement spin-models with certain symmetries that cannot be imposed to the fundamental symmetries of the atomic interactions (e.g., SU(n)-symmetric collisions in alkali-earth atoms limited by the nuclear spin degree of freedom 54 ). Our method eliminates both bottlenecks, by encoding an ensemble of SU(2) spins to be confined to the SU(n)-subspace by local constraints, and by building the interaction symmetry directly into the Hamiltonian in a completely synthetic manner.
As shown in Fig. 4 , we partition the physical atomic lattice i, j into logical spins i, j ∈ L, each containing n physical atoms, that encode the individual SU(n) spin. This is achieved by local U(1)-gauge constraintsĜ i that blockade the total excitation number within the logical spin i to reside in the single-excitation subspace {|α ≡ |s α β =α |g β }. Such a gauge generatorĜ i = i∈iσ (i) z − Q effectively imposes the Gauss law ("ice rules") with electric charge Q = (n − 2)/2, analogous to quantum spin ice models 26, 52 that mediate long-range ring-exchange interactions. The ground state (most excited state) subspace of the blockade Hamilto-
Without the loss of generality, we can rewrite the Heisenberg model within this definition,
whereT αβ = |α β|.
In order to introduce spin-spin interaction between the logical blocks, we treat the primitive HamiltonianĤ I = i,jDi,j +Ô i,j as a perturbation toĤ
denotes the spin operator acting on the α th atom in the i th logical block. With the local gauge constraints, we obtain the effective Hamiltonian within the gauge-invariant sector
with the gauge-variant errors (spinon excitations) suppressed by the many-body gap Λ G . In the physical space, the spinexchange coefficients
/λ G are the gaugemediated ring-exchange interactions among the four spins selected by the primitive two-body model. With D i,j = J i,j , the effective Hamiltonian is mapped to the SU(n)-Heisenberg magnetĤ H .
One feature of our synthetic approach is that the symmetries of the interaction can be directly built into the underlying Hamiltonian, without resorting to the fundamental symmetries of the atomic collisions. For instance, with a minor modification, we can easily create SU(n)-symmetric Hamiltonians for arbitrary n (e.g., unlimited by the nuclear-spin degrees of freedom) for the study of transition metal oxides 55 and heavy fermion systems. Furthermore, because we can design J i,j arbitrarily through the Raman fields, our system can be tailored to study novel frustrated magnetic ordering in longrange SU(n)-spin models, such as the quantum spin ice and the Haldane gap [56] [57] [58] [59] , as well as quantum field theories 60, 61 , including Wess-Zumino-Witten and Chern-Simons models, with complexities far beyond of what has been envisioned in condensed matter physics.
In the Supplementary Information, we discuss an efficient method with dynamical Raman fields to construct the real-time dynamics of the highly complex Sachdev-Ye (SY) model 62 , an all-to-all Gaussian-random connected lim n→∞ SU(n)-Heisenberg modelĤ SY . The SY model describes a non-Fermi liquid state of matter, known as the "strange metal," characterized by the absence of long-ranged quasiparticle excitations analogous to high-T c cuprate superconductors. In connection to quantum chaos 27 , a quenched system underĤ SY rapidly loses the phase coherences and reaches a quantum many-body chaos within time scales that remarkably saturate the quantum bound of the Lyapunov time τ L = 2πk B T . With gauge-mediated many-body string Hamiltonian between a set of SU(n)-spins and an ancilla qubit, we can even directly assemble and measure arbitrarily complex OTOCs [63] [64] [65] 
for SU(n)-variablesŴ ,V in our platform for the detection of the quantum chaos and the scrambling of entanglement in many-body quantum systems. The SY model also serves as a model of holography that duals quantum gravity in AdS 2 /CFT 27, 62 .
Discussion
The large-scale realization of universal Hamiltonians with our analog waveguide QED platform would present technological challenges in the face of the early stage experiments in waveguide QED [6] [7] [8] [9] . Yet, there is an opportunity for proofof-principle experiments with ∼ 50 − 100 atoms that could demonstrate the full programmability of the spin network (Eq. 3) with current technologies.
Defect-free atomic arrays can be readily generated in freespace with acousto-optical deflectors 66, 67 and spatial light modulators 68 . With the advent of efficient evanescent cooling and loading techniques for nanophotonic structures, it is conceivable to apply these real-time rearrangement techniques to slotted photonic crystal waveguides with side-illumination techniques 4, 69 . In the Supplementary Information, we provide a design of a photonic structure that achieves the requisite atom-field Hamiltonian and trapping mechanisms. Finally, the creation of arbitrary spin matter relies upon the capability to control ∼ N 2 phase-amplitudes of sideband matrices. This requirement is readily achieved in the time-domain by utilizing a single guided mode with a single phase-amplitude modulator, driven by an arbitrary waveform generator. Such a capability has already been demonstrated for the realization of 100-spin coherent Ising machine 70, 71 , but is also widely employed in the phase-coherent telecommunication industry.
In our method, the localized photonic reservoir in the photonic bandgap mediates the long-range many-body interaction among the quantized motions of the trapped atoms. In turn, we utilize the collective quantum external motion as the bus for mediating the universal binary Hamiltonian. We emphasize that our protocol is inherently driven-dissipative. In Methods, we discuss the detailed open-system formalism of our universal binary model. Importantly, the spincooperativity factor C s provides a natural scaling parameter for the coherence-to-dissipation ratio of the low-energy model by the dissipative photonic reservoir, where
1 is exponentially improved in the photonic bandgap with a finite device length L d and the atomfield localization length L c . For the specific implementation with realistic squircle photonic crystal waveguide ( Fig. 1(a) ), we provide in Supplementary Information a finite-element simulation of the open system with Green's function quantization formalism, and estimate the characteristic C s ∼ 10 4 . We also discuss the physical constraints imposed by various approximations.
The exact method of the ground-state preparation is highly dependent on the target model and is beyond the scope of the present work. For example, there is an important open question whether the Kagome model we introduced above possesses a gapped or gapless chiral spin liquid. Considering that our platform would likely be confined to a few tens of spins in the near future, real-time tunable sideband matrices may be combined with optimal control theory to prepare the ground state of highly complex Hamiltonians 72 . Beyond the objective of mapping the ground-state phase diagram, our platform also can be utilized to elucidate out-of-equilibrium behaviors through local and global quenches of a highly nonlocal timedependent HamiltonianĤ(t).
Waveguide QED provides a unique playground for neutral atoms, in which light, motion and spin are all intertwined by the quantum vacuum of the underlying dielectric lattice. With engineered coupling between the quantum fluid of phonons and the atomic spins in 1D PCWs, we have provided the programmable quantum optics toolkits for cold atoms to create an arbitrary synthetic quantum spin network. With real-time control over the sidebands, our approach can be applied for universal adiabatic quantum computation with QMA-complete 2-local Hamiltonians 73 . An interesting extension of our work is to consider universal quantum computation with time-independent Hamiltonian in the spirit of continuous-time quantum cellular automata and Hamiltonian quantum computation 74, 75 . The conceptual method for realizing universal 2-local Hamiltonians can be translated to other physical systems, such as superconducting qubits coupled to microwave photonic crystals.
Our waveguide QED simulator utilizes largely noninteracting, delocalized phonons to mediate the effective spinspin interaction with L c x 0 . More generally,Ĥ M constitutes a long-ranged extended Bose-Hubbard model in the limit L c x 0 . We will explore the possibility to create phononic gauge constraints. Remarkably, such a gauge constraint can be imposed by the long-range density-density phononic interactions with highly localized atom-field bound states. Highlyentangled renormalized quantum matter may emerge from lattices of cold atoms coupled to the fluctuating gauge phonons with lattice gauge theory beyond the quantum link models. 
Methods
Open quantum system description. We describe the drivendissipative dynamics of the atomic internal degrees of freedom and estimate the corresponding error rates. We first consider the Lindblad dissipation of Bogoliubov phonons, and then derive the effective theory for dynamics of the hyperfinespin states mediated by the dissipative phononic quantum fluids.
Let us start from the atom-light interaction where a lattice of N atoms is coupled to the PCW guided modes with interaction Hamiltonian shown in Eq. (1) in main text. Under Markov approximation, we can describe the driven-dissipative evolution with a Master equatioṅ
associated with the intrinsic photonic decay κ 0 of the PCW and the out-of-plane atomic decay Γ . For the photonic modes, besides the intrinsic decay κ 0 , atomic spontaneous decay Γ will provide an additional effective channel of photonic dissipation, in which the photons in the PCWs can be scattered out through atomic spontaneous radiation. For concreteness, we assume that the emission occurs with equal rates Γ for both |d → |g and |d → |s with the Lindblad terms in Eqs. 9-10. With our encoding scheme, the atomic decay Γ does not directly induce decoherence between states |g and |s . The only effect would be the photon loss in the PCWs due to the interaction with the GMs. After eliminating the exited states in the master equation (Eq. 7), we obtain an effective Lindblad dissipation term L for the accurate description of the atom-light interactions in a realistic PCW, such as the exponentially inhibited radiation and photonic Lamb shifts in the band gap [32] [33] [34] . In reactive regime, the photons are only weakly populated with ∆ κ, g c , and the cavity field is converted to the mechanical operatorsâ k (t) j f g c u k0 e −ikxj /(∆ − iκ/2). We can then derive the effective description of the atomic quantum motion with the phononic relaxatioṅ
Notably, the mechanical loss factor given by γ m = 
κ is dramatically suppressed by a factor of η
We define a motion-cooperativity factor
as the ratio of the coherent tunneling rate t = η 2 l f 2 ∆ vdW to self-dissipation γ m . In the reactive regime with g c /∆ → 0, we find the scaling C m ∆/κ 0 1. Furthermore, unlike single-mode cavities, the intrinsic photon decay rate for PCW is further suppressed κ 0 ∼ exp(−L d /L c ) by the band gap for a device length L d . Hence, we expect the exponential scaling in the figure of merit for the intrinsic phonon-mediated interactions in PCWs. Moreover, since the atoms are confined in a far-off-resonant trap (FORT), the recoil heating effect from the optical lattice beams can be safely neglected (Supplementary Information).
Finally, we derive the effective description of the open quantum spin system. Phonon dissipation with red and blue Raman couplings causes decoherence in the spin space with quantum jump operatorsĉ =σ ± , while the loss of a phonon in the Z-Raman couplings cause dephasing withĉ =σ z . By taking this phonon dissipation into account while integrating out the phonons, we obtain the master equation for the effective spin degrees of freedoṁ
with the correlated decoherence
where the collective decay constant γ
. In writing Eq. 13, we assumed that the detunings ∆ l are identical with respect to all Bogoliubov modes l. We define the spin-cooperativity parameter C s = J α /γ α . The ratio γ m /∆ l is estimated to be 10
in our system (See Supplementary Information), thus provides us a spacious room to investigate the coherent dynamical behaviour of a complex quantum manybody spin system before it collapses. As a summary, in Table  I , we list the energy scale hierarchy relevant for realizing our protocol. One can see, while the interaction strength is significantly reduced from GHz to kHz, the final error rate on the effective spin model is also suppressed by the same factor. Generalized Gell-Mann matrices. The n-dimensional Hermitian generalized Gell-Mann matrices (GGM) are the higherdimensional extensions of the Pauli matrices (for qubit) and the Gell-Mann matrices (for qutrit). Similar to the roles which the Pauli (Gell-Mann) matrices play in SU(2) (SU(3)) algebra, they are the standard SU(n) generators. There are three different types of GGMsn(n−1) 2 symmetric ones,
antisymmetric ones and n − 1 diagonal ones, which are defined respectively as
2. Anti-symmetric GGMs (1 ≤ α < β ≤ n)
Hence, in total, we have n 2 − 1 GGMs. From the definitions, one can verify that, similar to the Pauli matrices, all GGMs are Hermitian and traceless. They are orthogonal and form a basis together with identityÎ n . III. Sachdev-Ye quantum magnet 7
References 8
I. COLLECTIVE PHONONIC MODES
In this section, we derive the collective phononic modes induced by photonic crystal waveguide among atoms with internal level structures as depicted in Fig.1(b) of the main text. Since we need to retain the spin degree of freedom to form a spin network, the mechanical interaction between atoms must be spin-independent. In order to achieve this, we require that only the two transitions |g ↔ |e and |s ↔ |d are allowed to couple to the waveguide modes with the same strength g, while each of them is also pumped by a laser with detuning ν m,1 and ν m,2 , and Rabi frequency Ω m,1 and Ω m,2 , respectively. The Hamiltonian of the system reads
Considering that the difference between atomic level splitting ω d − ω g and ωd − ω s is typically much smaller than the detuning δ k , we can assume ωd − ω s − ω k ω d − ω g − ω k = δ k and convert the Hamiltonian into the interaction picture (Eq.
(1) in the main text).
If the driving field is weak and off-resonant, we can eliminate both the excited state manifold as well as the photonic modes [S1] , and obtain effective Hamiltonian among the atoms with the Hilbert space restricted to the internal ground-state manifold. According to standard perturbation theory, there are four virtual processes, |g(s
, which induce an effective interaction between atoms. Let us just take one transition path to illustrate in detail, with all other processes being similar.
For example, we assume that both the i th and the j th atoms are initially in state |g . The i th atom is pumped to |d i by the classical laser Ω m,1 , and then returns to |g i by emitting a virtual photon into the waveguide. This photon is absorbed by the j th atom, as a result, whose state is excited to |d j from |g j . Finally, the j th atom decays to the ground state, stimulated by the classical pump field Ω m,1 . The overall process can be described by an effective Hamiltonian
, and
. Near the band edge k ∼ k 0 , we can replace u k (x) with u k0 (x) and then integrate the photonic modes k out by using the integral formula dxcos(bx)/(a 2 + x 2 ) = πe −|ab| /|a| and obtain
where L c = m e /(2∆) and
For the other three possible virtual processes, the effective interactions are
respectively. In the case of Ω m,1 /δ m,1 = Ω m,2 /δ m,2 = f , we sum them all and obtain an atom chain with spin-independent mechanical interaction in the Hilbert sub-space expanded by |g and |s , as shown in Eq. (2) of the main text.
Under the approximation of nearest-neighbour interaction, we can expand the interaction to the second order and obtain
, which gives rise to the collective phononic modes with eigen-
II. SLOTTED SQUIRCLE PHOTONIC CRYSTAL WAVEGUIDES
The full realization of our waveguide QED toolboxes requires the capability to maintain favourable motioncooperativity factor C m with short-ranged interactions between the trapped atoms, where the localization length L c = 1/2m e ∆ e is comparable to the lattice constant a 0 . Here, ∆ e 2∆ b denotes the detuning of atomic transition to the effective cavity mode [S2] , and ∆ b is the detuning of the atomic transition frequency to the band edge. While it is not necessary to have nearest-neighbour interactions, the atomic collective motion can experience band-flattening effect due to the long-range tunnelling, hence reducing the local addressability of the spin-motion coupling. In order for the nanostructure to operate with the complex laser cooling and trapping sequences, in practice, PCWs must have a wide angular field of view (FOV) for the optical access, thereby restricting the dimensions of PCW slabs to 1D and 2D. Because of the absence of full 3D PBGs, the total decay rate Γ tot = Γ 1D + Γ consists of both the waveguide decay Γ 1D = g 
A. System parameters
In this section, we discuss a variation of a slotted PCW that utilizes PBG of the 2D slab as the guiding mechanism for the waveguide mode [S3-S5] . As shown in Fig. S1 , the dispersion is tailored by a line defect introduced to a triangular TE-PBG slab, where a significant portion of the energy of the GM is localized within the air slot. We introduce anomalous squircles in the vicinity of the air slots to alter their band curvatures [S6] . The rationale of our dispersion engineering is that the combination of the lattice constant a 0 , the hole radius r, and the air slot width w s can tune the locations of the band edge frequencies with respect to the band gap of the slab, while the additional squircle geometries defined by the asymmetry a, b cause differential energy shifts between the z-even bands of opposite x-symmetry. By placing the bands deep into the PBG of the surrounding slab, we suppress the k-space interval [k c , k l ] where the in-plane field profile of the GM is localized by index-guiding near the light cone. The proximal squircle geometry then flattens the GM across the band-gap guided kspace fraction [k l , k 0 ]. In addition, the out-of-plane emission Γ h is affected by the distance of the squircles to the slot.
We apply a gradient descent algorithm for the squircle photonic crystal waveguide (SPCW) geometry n( r) (design variables) to minimize the objective function F total (n( r)) = F c + F D2 + F t with intermittent thermal excitations to avoid local extrema, as with simulated annealing. The objective function consists of the contributions from band curvature
and frequency deviations
of |F = 4 → |F = 5 transition frequency ν D2 (blue-detuned magic wavelength frequency ν t ) for atomic Cesium from the band edges w b of the respective modes. During the optimization sequence, the complex band diagram is computed to estimate the effective mass m e and the localization length L c [S7] . After convergence, we switch over to a finite structure with device length L d and apply a combination of filter-diagonalized FDTD and FDFD methods [S8, S9] on a high-bandwidth interconnected computational cluster with the Yee lattice modified to directly optimize the dyadic Green's function G ↔ (w; r i , r j ) [S10, S11] to arrive at the final design variable n( r) in Table I .
The result of dispersion engineering is shown in Fig. S1 (a) for our flat-band Silica Nitride SPCW slab, with the effective mass m e = 2.1 Hz
. In the single-band approximation, the localization length is expected to be L c 2a 0 at ∆ e = 0.4 THz. We assume that the atom is confined by the blue-detuned magic-wavelength GM trap ν t at λ t = 793.5 nm (blue line of Fig. S1(a) ) with the intensity represented by the blue-colored contour map in Fig. S1(d) . The excited states of the trapped atom is modified by the vacuum of ν D2 -mode (red line of Fig. S1(a) ) as indicated by the red contour map in Fig. S1(d) . At the band edge k 0 = 0.5, ν D2 -mode is highly localized with the effective mode area A eff 0.18λ We now turn to the numerical Green's function G ↔ (w; r i , r j ) of a finite SPCW with device length L d = 80a 0 in Fig. S2 . We evaluate the collective decay and the coherent mechanical interaction
where the scattering Green's function is G where the waveguide portion G ↔ wg can be estimated from a multimode cavity model [S12] under a single-band approximation, with the resulting decay rate
into the waveguide GM.
As shown in Fig. S2 , in the dispersive regime [S13] , the flat band ν D2 exhibits extreme slow-light enhancement of the decay rate with group index n g 1, 000 near the band edge. As the atom enters the band gap in the reactive regime ∆ e > 0 [S14], the waveguide decay rate Γ 1D from G ↔ wg is exponentially suppressed (red dashed line in Fig. S2(b) ), while the (Fig. S2(a) ) that greatly exceeds Γ total 60 MHz (Γ 1D 4 kHz) in the band gap with motion-cooperativity parameter C m > 10 4 at ∆ e = 0.4 THz (Fig. S2(c) ), indicating significant coherence fraction in the collective motion relative to the correlated phononic dissipation. With the close agreement between the numerical Green's function G . We remark that C m is defined as the ultimate coherence-to-dissipation ratio for the collective phonon modes (see Eq. (12) in the main text), where we only consider the inherent dissipation of the atomic motions in the photonic band gap. In practice, our method will be realistically limited by the phase-noises of Raman sideband lasers and the inhomogeneous hyperfine broadening of the trapped atoms, as well as various uncontrollable surface forces.
For disordered photonic structures, we compute the dyadic Green's functions with the Gaussian-random geometric disorder ∼ 1 nm (positions and sizes of the holes, thickness of the waveguide) distributed across the entire nanophotonic waveguide. In a single realization, we expect that the radiative enhancement factor at the band edge is hindered by Anderson and weak localization. However, in the reactive regime FIG. S3: Adiabatic ground-state potentials for Cesium atom assisted by side-illumination beams. Cesium trapping potentials of |6S 1/2 for (b) x − y plane and (c) y − z plane with (d) the x-, (e) y-, and (f) z-slices. We assume that the refractive index n is frequency-independent. The coordination system (x, y, z) of the SPCW is defined in Fig. S1(b) .
∆ e > 0, we observe that the decay rate and the photonic Lamb shift in Fig. S2 , as well as the nonlocal Green's function G ↔ (x i , x j ) are not significantly modified by the structural disorders ∼ 1 nm (grey dashed lines in Fig. S2 ). Such nanofabrication tolerances have been demonstrated in Refs. [S14? ]. Because of the nature of the photonic bandgap, the nonradiative atom-field localized modes are resistant to the degree of structural disorder.
B. Ground-state potentials and phononic modes
We now turn our attention to the trapping mechanism for the atoms in the SPCW. To form an atomic chain, we confine the atoms in the y − z plane by two incoherent sideillumination (SI) beams [S13, S15] and localize the x-motion by a weak GM trap at 794 nm, as shown in Fig. S3 . With the SI beams near the blue-detuned magic wavelengths λ = 687 nm in an optical accordion, we anticipate efficient loading into the GM trap. Because the SI beam provides additional confinement along z [S16-S18], we can operate the GM trap away from the band edge at k x = 0.48, thereby reducing the intensity contrast along x. As analyzed in Ref. [S6] , with this protocol we can gain a 3D FORT with trapping potential shown in Fig. S3 (d-f) .
From the numerical non-local Green's function G
we observe that the localization length scales with L c = 1/2m e ∆ e and the effective mass m e = 2.1 Hz
up to ∆ e 5 THz. We attribute the deviation of the localization scaling beyond ∆ e > 5 THz to the residual Lamb shift by the off-resonant couplings to the other bands and to the slab modes. Fig. S4 depicts the local nature of external atom-atom interaction
. At ∆ e = 0.4 THz, we find tunneling rate t 2π × 230 kHz and localization length L c = 0.77µm and phonon loss rate γ m 2π × 5 Hz. Another possible error source could be recoil heating from the trapping beam. Since we work with FORT in blue detuning, the heating rate can be estimated as γ heat
, where Ω t and δ t are trapping Rabi frequency and laser-atom detuning respectively, and E r = 4π 2 2 /2mλ 2 t is recoil energy. For cesium atom and our trapping setup, the heating rate is estimated as γ heat ∼ 0.2Hz γ m , therefore can be neglected safely.
Beyond the scope of the present work, we have also investigated SPCWs with strong phononic on-site U 0 interactions, which maps the phononic model to XXZ spin magnet and Luttinger liquids for finite filling factor. In Ref. [S6] , we discuss further design variations that provide strong phononic densitydensity interactions U ijninj in the extended Bose-Hubbard regime for constraining the local phonons in the context of lattice gauge theories. As an example, we depict the open-system dynamics of the quantum-state transfer protocol in Fig. S5 by solving the master equation (Eq. (13) in Methods). As discussed above, because of γ m /∆ l ∼ 10
, the intrinsic phonon-induced spin decoherence γ (i,j) α is highly negligible. We thereby include the spin-relaxation rate γ (i,i)
FORT < 1 Hz of the FORT beams [S20] by adding the following local dissipative terms to the original master equation (Eq. (13) in Methods).
We note that, due to the highly differential decay rates for the D1 and D2 lines of Cs by the SPCW, we do not observe any suppression of Raman spontaneous emission rates relative to the Reyleigh scattering by the FORT. The state-fidelities for N = 1 and N = 6 atoms are displayed as black and red solid lines n Fig. S5 , respectively. We assume an initially injected spin state of |s with the parameters of Fig. 2 in the main text. For the clarity of presentation, the remaining spin-medium is prepared to the ground state |g · · · g . As the spin-excitation is transferred within the dissipative spin chain, the overall spin medium is thermally depolarized by the actions of the local dissipation and the state-fidelity F is progressively reduced to F → 0.5 withρ S → i 1 2 (|g i g i | + |s i s i |).
III. SACHDEV-YE QUANTUM MAGNET
In the main text, we discussed the all-to-all connected SU(n) Heisenberg model. However, as an effective model in terms of second-order perturbation, all connections J ij must be all negative (ferromagnetic) or positive (antiferromagnetic), determined by the eigenenergy sector that we choose, while fully Gaussian-random-distributed couplings are the crucial ingredients for the quantum chaotic behaviours of the Sachdev-Ye (SY) model [S21, S22] . SY Hamiltonian readsĤ
where the after-quench connections {J ij } are drawn from the probability distribution P (J ij ) ∼ exp [−J 2 ij /(2J 2 )]. We describe a stroboscopic strategy to simulate the dynamics driven by such a Hamiltonian. For an arbitrary SY Hamiltonian, we can separate it into two partsĤ SY =Ĥ 
SY .
We can also measure the out-of-time-operator-correlations for the SY model in our platform, which is essential for describing the entanglement scrambling in this system. The crucial step is creating a controlled GMM operationÛ C−Λα = |g g| ⊗Î + |s s| ⊗Λ α , which can be used to decompose an arbitrary SU(n) operator. Let us take a controlled symmetric GGM C-Λ (s) αβ as an example. To realize this kind of controlled operations, we can couple an ancilla qubit to the αth and the βth qubits in a single logical block with the twobody termĤ αβ = χ ασ We next describe a general method to construct and efficiently measure OTOCs for arbitrary SU(n) observables in this system driven by arbitrary HamiltonianĤ SY without tomographic reconstruction. Unlike other protocols, our strategy is to encode the OTOC onto the single ancilla qubit A through controlled string operation and interferometrically read out the internal state of a single ancilla qubit. We consider two operators,
β , acting on the system logical magnons and decomposed by the GGM operators {Λ Fig. S6(b) facilitates the transformation that maps the dynamical correlators C α,β,α ,β to the ancilla qubit with the ini-tial system-ancilla state |ψ(0) S ⊗ |g A . The ancilla atom can be physically represented by the atoms in close proximity to the impedance-matching tethers of PCWs, so that the internal spins of the ancilla atom can readily evanescently dissipate to the input and output couplers. The sequence of gate sets maps the initial state toV Here, the time-inverse evolution can be realized in a positive time flow but inverse the sign of all J ij . As with Ramsey interferometer, we measure the expectation values of the local spin vectors for qubit A, where the dynamic correlators of the system atoms are C α,β,α ,β = 1 2 [ σ x A + i σ y A ]. This method can be extended to high-order dynamic correlations in a straightforward fashion.
